Abstract. Recently, the rst author introduced a new approach to the numerical quadrature of surface integrals in the context of boundary element methods. It is assumed that a global parametrization m of the surface is only indirectly given (e.g., via an iterative method) and that m is not accessible analytically. Of particular interest are parametrizations which are based on automatic triangulations of surfaces. In order to avoid an explicit reference to the partial derivatives of m, modi ed trapezoidal and midpoint rules were introduced. The present paper discusses some error estimates for these methods. The estimates are surprisingly di cult since O(h 3 )-terms have to be shown to cancel; this does not occur in the expansion of the standard rules.
1. Introduction E cient numerical approximations of surface integrals are important in boundary element methods, see, e.g., Atkinson 1 , 2], Georg and Widmann 4], Hackbusch 5] .
Recently, Georg 3] introduced a new approach to the numerical quadrature of surface integrals. It was assumed that the surface B R 3 was modeled via a piecewise linear approximation (triangulation). Such approximations are typically used in panel methods. Hence, a parametrization m of the surface B is only indirectly given, e.g., via an iterative method. The main purpose of the new method is to avoid the handling of the partial derivatives of m via nite di erences or interpolation.
Throughout this paper, let S denote a smooth piece of the surface B and m : ! S a smooth (parameter) map. For the purposes of our discussion it is enough to consider the case that = f(s; t) : 0 s; t; s + t 1g is a standard triangle which is isomorphically mapped onto S. We consider the task of numerically approximating Z S f dS: (1) Here dS indicates the usual measure on S (surface element).
The standard approach to this task is to consider the equivalent integral in planar coordinates Z S f dS = Z f(m(s; t)) km s m t k ds dt: (2) Here m s denotes the partial derivative of m with respect to the parameter s. In order to numerically approximate (2), a standard approach is to subdivide into small triangles i ; this corresponds to a subdivision of the surface S into the pieces S i := m( i ). Then an approximation of the integral can be obtained via one of the composite rules
Here, the vertices and the barycenter of i are denoted by x i;j ; j = 0; 1; 2 and x i;b , respectively, and := km s m t k. 
. It is also known (in the case of an equidistant subdivision) that the global error can be expanded in terms of h 2 , see Lyness 6] . If the partial derivatives of m are not available analytically, a numerical approximation (e.g., via nite di erences or interpolation) may be considered, see, e.g., Atkinson 2 ]. An alternative approach to approximate (1) that does not use the partial derivatives of m was proposed by Georg 3] The main result of the present paper is contained in the following Theorem 1. The global discretization error of both composite rules ( 5) and ( 6) is O(h 2 ). Hence, our modi ed rules have the same global order as the corresponding standard composite rules (3) and (4) . In contrast to standard rules, however, it is impossible to prove that the local error is of order four in our modi ed rules. This is the main di culty we encounter in our analysis. We will show that the O(h 3 )-terms cancel under the summation of the composite rule.
In fact, numerical experiments also suggest that the error of the modi ed methods (5) and (6) have an h 2 -expansion, an analytical demonstration of this observation seems to be di cult, since Lyness' 6] proof for the standard case which is based on the Euler{Maclaurin sum formula does not easily carry over to our case.
Proof of the Estimate
In this section we will sketch a proof of the above theorem. The argument is somewhat technical, and therefore we will leave some of the more obvious details to the reader.
The subdivision f i g of induces a subdivision fS i g of S into curved triangular pieces. The pieces S i are approximated by the triangles T i := v 0;i ; v 1;i ; v 2;i ] and the surface area of S is approximated by the area of the triangulation T = fT i g of S.
We assume that the subdivision f i g of does not produce arbitrarily small angles.
More precisely, there are constants 0 and 1 independent of h such that 0 < 0 1 < (7) holds for any interior angle of each T i . Thus, the sum in the composite rules (5), (6) is taken over O(h ?2 ) terms. Let P i denote the plane in which T i is embedded and n i its normal vector. We project S i in the direction of n i onto a set N i P i and assume that h is chosen to be su ciently small such that this projection is one to We will need both parametrizations to prove the rst result:
Here dP i denotes the standard measure in the plane P i . Proof. For an in nitesimal surface element, we have 
because the angle is bounded by (7) . We now estimate (10) by making use of (11) and obtain dS = km Note that the index j is taken modulo 2. It is not di cult to see that for su ciently small h this boundary can be described as a curve of the form tv i;j?1 + (1 ? t)v i;j+1 + i;j (t)n i;j ; 0 t 1: (12) Here n i;j denotes the vector in the plane P i with unit length which is orthogonal to the edge v i;j?1 ; v i;j+1 ] and points out of T i , and i;j denotes the distance of the curve from this edge in the direction of n i;j . Furthermore, we introduce the orthogonal coordinate system of P i corresponding to (12): is taken over a triangle using planar coordinates. We can hence apply the well-known error estimates for the standard trapezoidal and midpoint rules, see, e.g., Lyness 6 The following Romberg tableaus display the results for two di erent sets of coecients a, b, c and for both composite rules (3) and (4 These tableaus con rm our Conjecture 1, given the nite precision arithmetic of the computer used and the O(h i?k?1 ) error of the asymptotic behavior of (25).
